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Abstract
We consider the correlation structure of the random coefficients for a class of wavelet systems on
the sphere (labelled Mexican needlets) which was recently introduced in the literature by [D. Geller,
A. Mayeli, Nearly tight frames and space–frequency analysis on compact manifolds, Preprint, 2007.
arxiv:0706.3642v2]. We provide necessary and sufficient conditions for these coefficients to be
asymptotically uncorrelated in the real and in the frequency domain. Here, the asymptotic theory is
developed in the high frequency sense. Statistical applications are also discussed, in particular with
reference to the analysis of cosmological data.
c© 2009 Elsevier B.V. All rights reserved.
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1. Introduction
There is currently a rapidly growing literature on the construction of wavelet systems on the
sphere; see for instance [13,2,6,18,29,34] and the references therein. Some of these attempts have
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been explicitly motivated by extremely interesting applications, for instance in the framework of
astronomy and/or cosmology; as regards the latter, special emphasis has been placed on wavelet
techniques for the statistical study of the Cosmic Microwave Background (CMB) radiation [24].
CMB can be viewed as providing observations of the Universe in the immediate vicinity of the
Big Bang, and as such it has been the object of immense theoretical and applied interest over the
last decade [7].
Among spherical wavelets, the so-called needlets, which were introduced into the functional
analysis literature by [25,26], have received particular attention; their statistical properties were
first considered by [3,4,11] and [20]. In particular, it has been shown in [3] that random needlet
coefficients enjoy a significant uncorrelation property: namely, for any fixed angular distance,
random needlet coefficients become asymptotically uncorrelated as the frequency parameter
grows larger and larger. The meaning of this uncorrelation property must be carefully understood,
given the specific setting of statistical inference in cosmology. Indeed, CMB can be viewed as a
single realization of an isotropic random field on a sphere of a finite radius [7]. The asymptotic
theory is then considered in the high frequency sense, i.e. it is considered that observations at
higher and higher frequencies (smaller and smaller scales) become available with the growing
sophistication of CMB satellite experiments. Of course, uncorrelation entails independence in
the Gaussian case: as a consequence, from the above-mentioned property it follows that an
increasing array of asymptotically i.i.d. coefficients can be derived from a single realization of a
spherical random field, thus making possible the introduction of a variety of statistical procedures
for testing non-Gaussianity, estimating the angular power spectrum, testing for asymmetries,
implementing bootstrap techniques, testing for cross-correlation among CMB and Large Scale
Structure data, and many other things; see for instance [3,4,16,20,11,28,22,12,5,19,30]. We note
that the relevance of high frequency asymptotics is not specific to cosmology (cf. e.g. financial
data).
Given such a widespread array of techniques which are made feasible by means of the
uncorrelation property, it is natural to investigate to what extent this property should be
considered unique for the construction in [25,26], or else whether it is actually shared by other
proposals. In particular, we shall focus here on the approach which has been very recently
advocated by [14]; see also [13] for a related setting. This approach (which we shall discuss
in Section 2) can be labelled Mexican needlets, for reasons to be made clear later. Its analysis
is made particularly interesting by the fact that, as we shall discuss below, the Mexican needlets
can be considered asymptotically equivalent to the Spherical Mexican Hat Wavelet (SMHW),
which is currently the basis of the most popular wavelet procedure in the cosmological literature
(see again [24]). Hence, the investigation of their properties will fill a theoretical gap which is
certainly of interest for CMB data analysis.
Our aim in this paper is then to investigate the correlation properties of the Mexican needlet
coefficients. The stochastic properties of wavelets have been very extensively studied in the
mathematical statistics literature, starting from the seminal papers [8,9]. We must stress, however,
that our framework here is very different: indeed, as explained earlier we shall be concerned
with circumstances where observations are made at higher and higher frequencies on a single
realization of a spherical random field. Hence, no form of mixing or related properties can be
assumed for the data and the proofs will rely more directly on harmonic methods, rather than on
standard probabilistic arguments.
We shall provide both a positive and a negative result: namely, we will provide necessary
and sufficient conditions for the Mexican needlet coefficients to be uncorrelated, depending on
the behaviour of the angular power spectrum of the underlying (mean square continuous and
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isotropic) random fields. In particular, we shall show that, contrary of what happens for the
needlets in [25,26], there is indeed a correlation of the random coefficients when the angular
power spectrum is decaying faster than a certain limit. However, higher order versions (already
considered in [14]) of the Mexican needlets can indeed provide uncorrelated coefficients,
depending on a parameter which is related to the decay of the angular power spectrum. In
some sense, a heuristic rationale for these results can be explained as follows: the correlation
among coefficients is introduced basically by the presence in each of these terms of random
elements which are fixed (with respect to growing frequencies) in a given realization of the
random field, because they depend only on very large scale behaviour (this is known in the
physical literature as a cosmic variance effect). Because of the compact support in frequency in
the needlets as developed by [25,26], these low frequency components are always dropped and
uncorrelation is ensured. On the other hand, the same components can be dominant for Mexican
needlets, in which case it becomes necessary to introduce suitably modified versions which are
better localized in the frequency domain (i.e., they allow less weight for very low frequency
components).
As is well-known, there is usually a trade-off between localization properties in the frequency
and real domains, as a consequence of the Uncertainty Principle (“It is impossible for a non-zero
function and its Fourier transform to be simultaneously very small”; see for instance [17]). In
view of this, an interesting consequence of our results can be loosely suggested as follows: the
better the localization in the real domain, the worse the correlation properties. This is clearly
a paradox, and we do not try to formulate it more rigorously from the mathematical point of
view — some numerical evidence will be collected in an ongoing, more applied work. However,
we hope that the previous discussion will help to shed some light on the class of needlets;
in particular, it should clarify that the uncorrelation property of wavelet coefficients does not
follow at all from their localization properties in real domain. Indeed, given the fixed-domain
asymptotics that we are considering, perfect localization in real space does not ensure any form
of uncorrelation (all random values at different locations on the sphere have in general a non-zero
correlation).
The plan of the paper is as follows. In Section 2 we shall review some basic results on
isotropic random fields on the sphere and the (Mexican and standard) needlet constructions.
In Sections 3 and 4 we establish our main results, providing necessary and sufficient conditions
for the uncorrelation properties to hold; in Section 5 we review some statistical applications.
2. Isotropic random fields and spherical needlets
2.1. Spherical random fields
In this paper, we shall always be concerned with zero-mean, finite variance and isotropic
random fields on the sphere, for which the following spectral representation holds, in the mean
square sense:
T (x) =
∑
lm
almYlm(x), x ∈ S2, (1)
where {alm}l,m ,m = −l, . . . , l, is a triangular array of zero-mean, orthogonal, complex-valued
(for m 6= 0) random variables with variance E|alm |2 = Cl , the angular power spectrum of the
random field. The functions {Ylm(x)} are the so-called spherical harmonics, i.e. the eigenvectors
of the Laplacian operator on the sphere [10,33,31]
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∆S2 Ylm(ϑ, ϕ) =
[
1
sinϑ
∂
∂ϑ
{
sinϑ
∂
∂ϑ
}
+ 1
sin2 ϑ
∂2
∂ϕ2
]
Ylm(ϑ, ϕ)
= −l(l + 1)Ylm(ϑ, ϕ)
where we have moved to spherical coordinates x = (ϑ, ϕ), 0 ≤ ϑ ≤ pi and 0 ≤ ϕ < 2pi .
It is a well-known result that the spherical harmonics provide complete orthonormal systems
for L2(S2). There are many routes for establishing (1), usually by means of Karhunen–Loe´ve
arguments, the Spectral Representation Theorem, or the Stochastic Peter–Weyl Theorem; see for
instance [1]. The spherical harmonic coefficients alm can be recovered by means of the Fourier
inversion formula
alm =
∫
S2
T (x)Ylm(x)dx . (2)
If the random field is mean square continuous, the angular power spectrum {Cl} must satisfy the
summability condition∑
l
(2l + 1)Cl <∞.
We shall introduce a slightly stronger condition, as follows (see [3,4,11,20]).
Condition 1. For all B > 1, there exist α > 2, and
{
g j (.)
}
j=1,2,..., a sequence of functions such
that
Cl = l−αg j
(
l
B j
)
> 0, for B j−1 < l < B j+1, j = 1, 2, . . . (3)
where
c−10 ≤ g j ≤ c0 for all j ∈ N, and sup
j
sup
B−1≤u≤B
∣∣∣∣ drdur g j (u)
∣∣∣∣ ≤ cr ,
some c0, c1, . . . cM > 0,M ∈ N.
In practice, random fields such as CMB are not fully observed, i.e. there are some missing
observations in some regions of S2; (2) is thus unfeasible in its exact form, and this motivates
the introduction of spherical wavelets such as needlets.
2.2. NPW needlets
The construction of the standard needlet system is detailed in [25,26]; we can label this system
NPW needlets and we sketch here a few details for completeness. Let φ be a C∞ function
supported in |ξ | ≤ 1, such that 0 ≤ φ(ξ) ≤ 1 and φ(ξ) = 1 if |ξ | ≤ 1/B, B > 1. Define
b2(ξ) = φ
(
ξ
B
)
− φ(ξ) ≥ 0 so that ∀|ξ | ≥ 1,
∞∑
j=0
b2
(
ξ
B j
)
= 1. (4)
It is immediately verified that b(ξ) 6= 0 only if 1B ≤ |ξ | ≤ B. The needlet frame
{
ϕ jk(x)
}
is then
constructed as
ϕ jk(x) :=
√
λ jk
∑
l
b
(
l
B j
) l∑
m=−l
Ylm(ξ jk)Ylm(x). (5)
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Here,
{
λ jk
}
is a set of cubature weights corresponding to the cubature points
{
ξ jk
} ; they are
such as to ensure that, for all polynomials Ql(x) of degree smaller than B j+1,∑
k
Ql(ξ jk)λ jk =
∫
S2
Ql(x)dx .
The main localization property of
{
ϕ jk(x)
}
is established in [25], where it is shown that for any
M ∈ N there exists a constant cM > 0 s.t., for every ξ ∈ S2,∣∣ϕ jk(ξ)∣∣ ≤ cM B j
(1+ B j arccos〈ξ jk, ξ〉)M uniformly in ( j, k).
More explicitly, needlets are almost exponentially localized around any cubature point, which
motivates their name. In the stochastic case, the (random) spherical needlet coefficients are then
defined as
β jk =
∫
S2
T (x)ϕ jk(x)dx =
√
λ jk
∑
l
b
(
l
B j
) l∑
m=−l
almYlm(ξ jk). (6)
Derivation of the correlation coefficient is then immediate:
Corr
(
β jk, β jk′
) = Eβ jkβ jk′√
Eβ2jk Eβ
2
jk′
=
√
λ jkλ jk′
∑
l≥1
b2
(
l
B j
)
2l+1
4pi Cl Pl
(〈
ξ jk, ξ jk′
〉)
√
λ j,kλ j,k′
∑
l≥1
b2
(
l
B j
)
2l+1
4pi Cl
where Pl is the ultraspherical (or Legendre) polynomial of order 12 and degree l; the last step
follows from the well-known identity [33]
Ll (〈ξ, η〉) :=
l∑
m=−l
Ylm (ξ) Ylm (η) = 2l + 14pi Pl (〈ξ, η〉) .
The significant stochastic property for random needlet coefficients is provided by [3], where it is
shown that under Condition 1 the following inequality holds:∣∣Corr (β jk, β jk′)∣∣ ≤ CM(
1+ B j d (ξ jk, ξ jk′))M , some CM > 0, (7)
where d
(
ξ jk, ξ jk′
) = arccos (〈ξ jk, ξ jk′ 〉) is the standard distance on the sphere.
2.3. Mexican needlets
The construction in [14] is in a sense similar to that of NPW needlets in [25,26] (see also [13]),
insofar as a combination of Legendre polynomials with a smooth function is proposed; the main
difference is that for NPW needlets the kernel is taken to be compactly supported, which allows
for an exact reconstruction function (needlets make up a tight frame), at the same time granting
exact localization in the frequency domain. It should be added, however, that the approach
by [14] enjoys some undeniable strong points: firstly, it covers general oriented manifolds and
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not simply the sphere; moreover it yields Gaussian localization properties in the real domain.
A further nice benefit is that it can be formulated in terms of an explicit recipe in real space,
a feature which is certainly valuable for practitioners. In particular, as we report below, in the
high frequency limit the Mexican needlets are asymptotically close to the Spherical Mexican Hat
Wavelets (SMHW), which have been exploited in several cosmological papers but still lack a
sound stochastic investigation.
More precisely, [14] propose replacing b(l/B j ) in (5) by f (l(l + 1)/B2 j ), where f (.) is
some Schwartz function vanishing at zero (not necessarily of bounded support) and the sequence
{−l(l + 1)}l=1,2,... represents the eigenvalues of the Laplacian operator ∆S2 . In particular,
Mexican needlets can be obtained by taking f (s) = s exp(−s), so to obtain
ψ jk;1 (x) =
√
λ jk
∑
l≥1
l (l + 1)
B2 j
e
− l(l+1)
B2 j Ll
(〈
x, ξ jk
〉)
.
The resulting functions make up a frame which is not tight, but very close to being, in a sense
which is made rigorous in [14]. Exact cubature formulae cannot hold (in particular,
{
λ jk
}
are not exactly cubature weights in this case), because polynomials of infinitely large order
are involved in the construction, but again this entails very minor approximations in practical
terms. More generally, it is possible to consider higher order Mexican needlets by focusing on
f (s) = s p exp(−s), so as to obtain
ψ jk;p (x) :=
√
λ jk
∑
l≥1
(
l(l + 1)
B2 j
)p
e−l(l+1)/B2 j Ll
(〈
x, ξ jk
〉)
.
The random spherical Mexican needlet coefficients are immediately seen to be given by
β jk;p =
∫
S2
T (x) ψ jk (x) dx =
∫
S2
∑
l≥0
l∑
m=−l
almYlm (x) ψ jk;p (x) dx
= √λ jk ∑
l≥1
(
l(l + 1)
B2 j
)p
e−l(l+1)/B2 j
l∑
m=−l
almYlm
(
ξ jk
)
,
whence their covariance is
Eβ jk;pβ jk′;p =
√
λ jkλ jk′
∑
l≥1
(
l(l + 1)
B2 j
)p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl Pl
(〈
ξ jk, ξ jk′
〉)
.
Throughout this paper, we shall only consider weight functions of the form f (s) = s p exp(−s).
It is certainly possible to consider more general constructions; however this specific shape
lends itself to very neat results, allowing us to produce both upper and lower bounds for the
coefficients’ correlation. Also, it makes possible a clear interpretation of the final results, i.e. the
effect of varying p on the structure of dependence is immediately understood; this is, we believe,
a valuable asset for practitioners. In the sequel, we shall drop the subscript p whenever possible
without risk of confusion.
Remark 2. As mentioned earlier, it is suggested from results in [14] that Mexican needlets
provide asymptotically a very good approximation to the widely popular Spherical Mexican
Hat Wavelets (SMHW), which have been used in many physical papers; the asymptotic
analysis of the stochastic properties of SMHW coefficients is still completely open for research.
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The discretized form of the SMHW can be written as
Ψ jk(θ; B− j ) = 1
(2pi)
1
2
√
2B− j (1+ B−2 j + B−4 j ) 12
[
1+
( y
2
)2]2 [
2− y
2
2t2
]
e−y2/4B− j2 ,
where the coordinate y = 2 tan θ2 follows from the stereographic projection on the tangent plane
of each point of the sphere; here we take θ = θ jk (x) := d(x, ξ jk). Now write
ψ jk;p
(
θ jk (x)
) = ψ jk;p (θ) ;
by following the arguments in [14] and developing their bounds further, it can be argued that∣∣∣Ψ jk(θ; B− j )− K jkψ jk;p (θ)∣∣∣ = B− j O (min {θ4 B4 j , 1}) , (8)
for some suitable normalization constant K jk > 0. Eq. (8) suggests that our results below can be
used as guidance for the asymptotic theory of random SMHW coefficients. The validity of this
approximation over relevant cosmological models and its implications for statistical procedures
of CMB data analysis are currently being investigated.
3. Stochastic properties of Mexican needlet coefficients, I: Upper bounds
As mentioned in the Introduction, establishing (7) opened the way to several developments
for the statistical analysis of spherical random fields. It is therefore very important to establish
under what circumstances these results can be extended to other constructions, such as Mexican
needlets. In this and the following section, we provide a full characterization with positive and
negative results. We start by writing out the expression for the correlation coefficients, which is
given by
Corr
(
β j1k1 , β j2k2
)
=
∑
l≥1
(
l(l+1)
B j1
)p ( l(l+1)
B j2
)p
e−l(l+1)(B−2 j1+B−2 j2 )(2l + 1)Cl Pl
(〈
ξ j1k1 , ξ j2k2
〉)
{∑
l≥1
(
l(l+1)
B j1
)4p
e−2l(l+1)/B2 j1 (2l + 1)Cl
}1/2 {∑
l≥1
(
l(l+1)
B j2
)4p
e−2l(l+1)/B2 j2 (2l + 1)Cl
}1/2 .
We now provide upper bounds on the correlation of random coefficients, as follows.1
Theorem 3. Assume Condition 1 holds with α < 4p+ 2 and M ≥ 4p+ 2−α; then there exists
some constant CM > 0 with∣∣Corr (β j1k1;p, β j2k2;p)∣∣ ≤ CM(
1+ B( j1+ j2)/2−logB ( j1+ j2)/2d (ξ jk, ξ jk′))(4p+2−α) . (9)
Proof. We prove (9) following some ideas in [25]. For notational simplicity, we focus first on
the case where j1 = j2; we have
1 While finishing this paper, we learned from a personal communication that, working independently and at the same
time as us, A. Mayeli has obtained a result similar to Theorem 3 for the case j1 = j2; see [23]. The statements and the
assumptions in the two approaches are not equivalent and the methods of the proofs are entirely different; we believe that
they are of independent interest.
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Corr
(
β jk;p, β jk′;p
) =
∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl Pl
(〈
ξ jk, ξ jk′
〉)
∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l2/B2 j 2l+14pi Cl
. (10)
Now make the replacement Cl = l−αg j
(
l
B j
)
in the denominator of the above representation;
from this we get
c−10
B−(4p+2−α) j
4p + 2− α ≤
∑
l≥1
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl ≤ c0 B
−(4p+2−α) j
4p + 2− α .
Defining θ = arccos 〈ξ j,k, ξ j,k′ 〉, the numerator can be written as
∑
l≥1
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl
1
pi
∫ pi
θ
sin
(
l + 12
)
ϕ
(cos θ − cosϕ)1/2 dϕ (11)
where we have used the Dirichlet–Mehler integral representation for the Legendre
polynomials [15].
The following steps and notation are very close to those of [25]. We write
CB,g j =
∑
l≥1
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
l−αg j
(
l
B j
)
sin
(
l + 1
2
)
ϕ
:= 1
2i
∑
l≥1
(
h j+(l)− h j− (l)
)
(12)
where
h j±(u) =
(
u (u + 1)
B2 j
)2p 2u + 1
4pi
u−αg j
( u
B j
)
e−2u(u+1)/B2 j±i(u+
1
2 )ϕ .
By the Poisson summation formula, we have∑
l≥1
h j±(l) = 12
∑
l∈Z
h j±(l) = 12
∑
µ∈Z
ĥ j± (2piµ) .
Define
Gα, j (t) := t2p−αg j (t) e−2t (t+B− j ) I(B− j ,∞). (13)
Let us now recall the following standard property of Fourier transforms:
(iω)k
dm
dωm
f̂ (ω) =
(
dk
dxk
{
xm f (x)
})
(ω̂).
Some simple computations yield
ĥ± (2piµ) = B
(1−α) j
4pi
{
2p∑
m=1
[
2
(
2p
m − 1
)
+
(
2p
m
)]
B−(2p+1−m) j d
m
dωm
+ B−(2p+1) j + 2 d
2p+1
dω2p+1
}
×
∫ ∞
−∞
Gα, j
(
t/B j
)
e±i(t+
1
2 )ϕ−itωdt |ω=2piµ
X. Lan, D. Marinucci / Stochastic Processes and their Applications 119 (2009) 3749–3766 3757
= B
(2−α) j e±iϕ
4pi
{
2p∑
m=1
[
2
(
2p
m − 1
)
+
(
2p
m
)]
B−(2p+1−m) j d
m
dωm
}
× Ĝα, j (ω) |ω=B j (2piµ∓ϕ) +
B(2−α) j e±iϕ
4pi
×
{
B−(2p+1) j + 2 d
2p+1
dω2p+1
}
Ĝα, j (ω) |ω=B j (2piµ∓ϕ),
where
Ĝα, j (ω) =
∫
R
Gα, j (t) e−itωdt.
For all positive integers k ≤ M , we can obtain∣∣∣∣∫ ∞
B− j
dk
dtk
{
tm Gα, j (t)
}
dt
∣∣∣∣
≤

kΓ (m + 2p − α)Cg
L(p,m, α, k)
B− j(2p+1+m−α−k), for 2p + 1− α + m 6= k
kΓ (m + 2p − α)Cg( j log B), for 2p + 1− α + m = k
(14)
where Cg = max {c0, . . . , cM } and
L(p,m, α, k) :=
{
Γ (2p + 1+ m − α − k) when (2p + 1+ m − α − k) > 0 ,
(Γ (k − 2p − 1− m + α))−1 when (2p + 1+ m − α − k) < 0.
It should be noticed that our argument here differs from the one in [25], because we cannot
assume the integrand function on the left-hand side to be in L1 for all k ≤ M . Let us now focus
on the case where k = 4p + 2− α, with m = 2p + 1; we obtain∣∣∣∣ d2p+1dω2p+1 Ĝα, j (ω)
∣∣∣∣ ∣∣∣B j (2piµ− ϕ)∣∣∣4p+2−α
≤
∣∣∣∣∫ ∞
B− j
dk
dtk
{
t2p+1G j (t)
}
dt
∣∣∣∣ ≤ (4p + 2− α)Γ (4p + 1− α)Cg( j log B);
therefore∣∣∣∣ d2p+1dω2p+1 Ĝα, j (ω)
∣∣∣∣ ≤ C2p+1,α,g B− j(4p+2−α)+logB j
(2piµ− ϕ)4p+2−α ,
where
C2p+1,α,g = (4p + 2− α)Γ (4p + 1− α)Cg log B.
The modifications needed for other cases are obvious and we obtain
B−(2p+1−m) j
∣∣∣∣ dmdωm Ĝα, j (ω)
∣∣∣∣ ≤ Cm,α,g B− j(4p+2−α)
(2piµ− ϕ)4p+2−α ,
where
Cm,α,g = (4p + 2− α)Γ (m + 2p − α)CgL(p,m, α, k) .
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Now let Cα,g = max
{
Cm,α,g,m = 0, . . . , 2p + 1
} ; we have
∣∣̂h± (2piµ)∣∣ ≤ B(2−α) j4pi Cα,g
{
2p∑
m=0
(
2p
m
)
B− j(4p+2−α)
(2piµ− ϕ)4p+2−α +
B− j(4p+2−α)+logB j
(2piµ− ϕ)4p+2−α
}
≤ 2
2pCα,g B−4pj+logB j
(2piµ∓ ϕ)4p+2−α , µ = 1, 2, . . . . (15)
Therefore∣∣CB,g j ∣∣ ≤ 22pCα,g
(
1
2ϕ4p+2−α
+
∑
µ∈N
1
|2piµ± ϕ|4p+2−α
)
B−4pj+logB j
≤ 22p
(
1
2ϕ4p+2−α
+ |4p + 1− α|piα−4p−1
)
Cα,g B
−4pj+logB j .
Hence, for the numerator of the correlation we have the bound
(11) ≤ C B−4pj+logB j
∫ pi
θ
(
1
2ϕ4p+2−α + |4p + 1− α|piα−4p−1
)
(cos θ − cosϕ)1/2 dϕ.
As in [25], when 0 ≤ θ ≤ pi/2, we can get the following inequality:
(11) ≤ Cα,k,g B−4pj+logB j
∫ pi
θ
piα−4p−1
0.27ϕ4p+2−α
(
ϕ2 − θ2)1/2 dϕ ≤ C1 B−4pj+logB jθα−4p−2.
If pi/2 ≤ θ ≤ pi , letting θ˜ = pi − θ, ϕ˜ = pi − ϕ, we can obtain the same bound. Going back to
(10), we obtain
Corr
(
β j,k, β j,k′
) ≤ C θα−4p−2 B−4pj+logB j
B(2−α) j
≤ Cθα−4p−2 B−( j−logB j)(4p+2−α)→ 0, as j →∞.
We thus get inequality (9) for j1 = j2.
Now let us consider j1 6= j2. As the proof is very similar to the arguments above, we
omit many details. In the sequel, for any two sequences al , bl , we write al ≈ bl if and only
if al = O(bl) and bl = O(al).
First, we consider the variance of the random coefficients, which can be represented by∑( l(l + 1)
B j1
)4p
e−2l(l+1)/B2 j1 (2l + 1)Cl
≈ B(2−α) j1
{(∫ 1
B− j1
+
∫ ∞
1
)
t4p+1−αe−2t (t+B− j1 )g j1 (t) dt
}
= B(2−α) j1
{
c0
4p + 2− α B
− j1(4p+2−α) + O (1)
}
;
therefore{∑
l≥1
(
l(l + 1)
B j1
)4p
e−2l(l+1)/B2 j1 (2l + 1)Cl
}1/2 {∑
l≥1
(
l(l + 1)
B j2
)4p
e−2l(l+1)/B2 j2 (2l + 1)Cl
}1/2
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= B(1−α/2)( j1+ j2)
{
c0
4p + 2− α B
− j1(4p+2−α) + O (1)
}1/2 { c0
4p + 2− α B
j2(4p+2−α) + O (1)
}1/2
= O (1) B(1−α/2)( j1+ j2).
Without loss of generality, we can always assume j1 < j2. We can implement the same argument
as before, provided we replace CB,g j in (12) by
CB,g, j1, j2 =
∑
l≥1
(
l (l + 1)
B j1+ j2
)2p
e−l(l+1)(B−2 j1+B−2 j2 ) 2l + 1
4pi
l−αg j1
(
l
B j1
)
sin
(
l + 1
2
)
ϕ
=: 1
2i
∑
l≥1
(
h j1 j2+(l)− h j1 j2− (l)
)
where
h j1 j2±(u) =
(
u (u + 1)
B j1+ j2
)2p 2u + 1
4pi
u−αg j1
( u
B j1
)
e
−u(u+1)(B−2 j1+B−2 j2 )±i
(
u+ 12
)
ϕ
.
Again, by the Poisson summation formula, we have∑
l≥1
h j1 j2±(l) =
1
2
∑
l∈Z
h j1 j2±(l) =
1
2
∑
µ∈Z
ĥ j1 j2± (2piµ) .
Define
Gα, j1 j2 (t) := t2p−αg j1 (t) e−t
(
t+B− j1 )(1+B2( j1− j2))
I(B− j2 ,∞);
by the same argument and notation as in (15), we have∣∣̂h j1 j2± (2piµ)∣∣ = B2p( j1− j2)+(2−α) j14pi
×
{
2p∑
m=1
[
2
(
2p
m − 1
)
+
(
2p
m
)]
B−(2p+1−m) j1 d
m
dωm
}
Ĝα, j1 j2 (ω) |ω=B j1 (2piµ∓ϕ)
+ B
2p( j1− j2)+(2−α) j1e±iϕ
4pi
{
B−(2p+1) j1 + 2 d
2p+1
dω2p+1
}
Ĝα, j1 j2 (ω) |ω=B j1 (2piµ∓ϕ)
≤ 2
2pCα,g B−2p( j1+ j2)+logB j1
(2piµ∓ ϕ)4p+2−α , µ = 1, 2, . . . .
Therefore∣∣∣CB,g j1 , j2 ∣∣∣ ≤ 22pCα,g
(
1
2ϕ4p+2−α
+ |4p + 1− α|piα−4p−1
)
B−2p( j1+ j2)+logB j1 .
It is then straightforward to conclude as in the case where j1 = j2, to obtain
Corr
(
β j1,k, β j2,k′
) ≤ C θα−4p−2 B−2p( j1+ j2)+logB j1
B(1−α/2)( j1+ j2)
≤ Cθα−4p−2 B−[( j1+ j2)/2−logB ( j1+ j2)/2](4p+2−α)→ 0, as j2 →∞.
Thus (9) is established. 
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Remark 4. By careful manipulation, we can obtain an explicit expression for the constant CM
in (9), i.e.
CM = 22ppiM+1 (4p + 2− α)2 Γ (4p + 1− α) c0Cg log B.
The previous result shows that Mexican needlets can enjoy the same uncorrelation properties
as standard needlets, in the circumstances where the angular power spectrum is decaying “slowly
enough”. The extra log term in (9) is a consequence of a standard technical difficulty when
dealing with a boundary case in the integral in (14).
Remark 5. To obtain central limit results for finite dimensional statistics based on nonlinear
transformations of the Mexican needlet coefficients, it would be sufficient to consider the case
where j = j ′. The asymptotic uncorrelation that we established in Theorem 3 is stronger; indeed,
for many applications it is useful to consider different scales { j} at the same time. Because of
this, it is also important to focus on the correlation of Mexican needlet coefficients at different
j, j ′. We stress that the need for such analysis was much more limited for standard needlets;
indeed in the latter case, given the compactly supported kernel b(.), the frequency support of
the various coefficients is automatically disjoint when
∣∣ j − j ′∣∣ ≥ 2, whence (for completely
observed random fields) standard needlet coefficients can be correlated only for
∣∣ j − j ′∣∣ = 1.
4. Stochastic properties of Mexican needlet coefficients, II: Lower bounds
In this section, we complete the previous analysis, establishing indeed that the random
Mexican needlet coefficients are necessarily correlated at some angular distance in the presence
of faster memory decay. This is clearly different from the case of needlets, which are always
uncorrelated. As mentioned in the Introduction, the heuristic rationale behind this duality can be
explained as follows: it should be stressed that we are focusing on high resolution asymptotics,
i.e. the asymptotic behaviour of random coefficients at smaller and smaller scales in the same
random realization. For such asymptotics, a crucial role can be played by terms which remain
constant across different scales. In the case of usual needlets, which have bounded support over
the multipoles, terms like these are simply dropped by construction. This is not so for Mexican
needlets, which in any case include components at the lowest scales. These components are
dominant when the angular power spectrum decays fast, and as such they remove the possibility
of asymptotic uncorrelation. In particular, we have correlation when the angular power spectrum
is such that α > 4p + 2.
Theorem 6. Under Condition 1, for α > 4p + 2, ∀ε ∈ (0, 1), there exists a positive δ ≤
ε
(
1+ c20
)−1/(α−4p−2)
such that
lim
j→∞ inf Corr
(
β jk;p, β jk′;p
)
> 1− ε, (16)
for all
{
ξ jk, ξ jk′
}
such that d(ξ jk, ξ jk′) ≤ δ.
Proof. We first divide the variance of the coefficients into three parts, as follows: ∑
1≤l<1 B j
+
∑
1 B j≤l<2 B j
+
∑
l≥2 B j
( l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl
=: A1 j + A2 j + A3 j .
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Intuitively, our idea is to show that the first sum is of exact order O(B(2−α) j × B(α−4p−2) j ) =
O(B−4pj ), while the second two are smaller (O(B(2−α) j ) and o(B(2−α) j ), respectively). Indeed,
for the first part we obtain easily
A1 j =
∑
1≤l<1 B j
(
l (l + 1)
B2 j
)2p
e−2l(l−1)/B2 j 2l + 1
4pi
Cl ≤ 2
∑
1≤l<1 B j
l4p
B4pj
l
pi
l−αg j
(
l
B j
)
≤ 2c0
pi
B(2−α) j
∫ 1
B− j
x4p+1−αdx = 2
c0
(
B(α−4p−2) j − 4p+2−α1
)
pi (α − 4p − 2) B
(2−α) j ,
and
∑
1≤l<1 B j
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl ≥
(
B(α−4p−2) j − 4p+2−α1
)
2pic0 (α − 4p − 2) e
−221 B(2−α) j .
Similarly, for the second part,(

4p+2−α
2 − 4p+2−α1
)
2pi (α − 4p − 2) c0 e
−222 B(2−α) j ≤
∑
1 B j≤l<2 B j
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl
≤ 2
(

4p+2−α
1 − 4p+2−α2
)
pi (α − 4p − 2) c0e
−221 B(2−α) j ,
and for the third part,
∑
l≥2 B j
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl ≤ 3c04pi B
(2−α) j
∫ ∞
2
x4p+1−αe−x2dx
≤ 3c0
4pi
B(2−α) j4p+1−α2
∫ ∞
2
e−x2dx ≤ 3c0
4pi

4p−α
2 e
−22 B(2−α) j , (2 > 1) .
The last inequality follows from the asymptotic formula∫ ∞
y
e−x2/2dx ∼ 1
y
e−y2/2, y →∞.
We have then that
A3 j
A1 j
=
 ∑
1≤l<1 B j
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl

−1
×
 ∑
l≥2 B j
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl

= O(B j (4p+2−α)) = o(1), as j →∞.
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On the other hand, for any positive ε < 1, if we choose 1 = N B− j , where N is sufficiently
large that N 4p+2−α
(
1+ 2
ε
c20
)
< 1, we obtain that(
B(α−4p−2) j − 4p+2−α1
)
c0
>
2
ε
(

4p+2−α
1 − 4p+2−α2
)
c0,
whence
A2 j
A1 j
<
ε
2
as j →∞.
Thus we obtain that{∑
l≥1
(
l (l + 1)
B2 j
)2p
e−2l(l+1)/B2 j 2l + 1
4pi
Cl
}−1
= 1
A1 j
{
1+ A2 j
A1 j
+ A3 j
A1 j
}−1
≥ 1
A1 j
{
1+ ε
2
+ o(1)
}−1
≥ cB−4pj , some c > 0.
More explicitly, the variance at the denominator has the same order as for the summation
restricted to the elements in the range 1 ≤ l < 1 B j .
To analyze the numerator, we start by recalling that
sup
θ∈[0,pi ]
Pl(cos θ) = Pl(cos 0) = 1, and sup
θ∈[0,pi ]
∣∣∣∣ ddθ Pl(cos θ)
∣∣∣∣ ≤ 3l.
As a consequence, for any ε > 0 there exists a δ > 0 s.t. if 0 < θ ≤ δ ≤ ε/6N , then
|Pl(cos θ)− Pl(cos 0)| ≤ 3lθ ≤ ε,
for all l > N , where the above inequalities follow from
0 ≤ cos (θ0 + θ)− cos θ0 = 2 sin2 θ2 ≤ θ, ∀θ0 ∈ [0, 2pi).
Therefore, for any ξ jk, ξ jk′ ∈ S2 s.t. arccos
〈
ξ jk, ξ jk′
〉 ≤ δ, we have
Corr
(
β jk, β jk′
) =
∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl Pl
(〈
ξ jk, ξ jk′
〉)
∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl
≥
∑
1≤l≤N
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j Cl Pl(cos 0)
∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl
−
∑
1≤l≤N
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl
∣∣Pl (〈ξ jk, ξ jk′ 〉)− Pl(cos 0)∣∣
∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl
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+
∑
l>N
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j Cl
∣∣Pl (〈ξ jk, ξ jk′ 〉)∣∣∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl
≥
∑
1≤l≤N
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl × (1− ε)∑
l≥1
(
l(l+1)
B2 j
)2p
e−2l(l+1)/B2 j 2l+14pi Cl
+ O(B j (4p+2−α))
= (1− ε)
1+ ε/2 + o (1) = (1− ε
′)+ o (1) , as j →∞, ε′ = 3ε
2+ ε .
Thus the proof is completed. 
As mentioned earlier, the results in the previous two theorems illustrate an interesting trade-
off between the localization and correlation properties of spherical needlets. In particular, we can
always achieve uncorrelation by choosing p > (α − 2)/4; of course α is generally unknown
and must be estimated from the data (in this sense standard needlets have better robustness
properties). Introducing higher order terms implies lowering the weight of the lowest multipoles,
i.e. improving the localization properties in frequency space. On the other hand, it may be
expected that such an improvement of the localization properties in the frequency domain will
lead to a worsening of the localization in pixel space, as a consequence of the Uncertainty
Principle that we mentioned in the Introduction (see for instance [17]). We do not investigate
this issue here, but we shall provide some numerical evidence on this phenomenon in an ongoing
work.
Remark 7. In Theorem 6, we decided to keep the assumptions as close as possible to Theorem 3,
in order to ease comparisons and highlight the symmetry between the two results. However, it
is simple to show that the correlation result holds in much greater generality, for angular power
spectra that have a decay which is faster than polynomial. In particular, assume that
Cl = H(l) exp(−l p), l = 1, 2, . . .
where H(l) is any kind of polynomial such that H(l) > c > 0 and p > 0. Then it is simple to
establish the same result as in Theorem 6, by means of a simplified version of the same argument.
The underlying rationale should be easy to obtain: for exponentially decaying power spectra the
dominating components are at the lowest frequencies, and they introduce correlations among all
random coefficients which cannot be neglected.
5. Statistical applications
The previous results lend themselves to several applications for the statistical analysis of
spherical random fields, in particular with a view to CMB data analysis. Similarly to [3], let
us consider polynomials functions of the normalized Mexican needlet coefficients, as follows:
hu,N j :=
1√
N j
N j∑
k=1
Q∑
q=1
wuq Hq(β̂ jk;p), β̂ jk;p := β jk;p√
Eβ2jk;p
, u = 1, . . . ,U,
where Hq(.) denotes the Hermite polynomials of q-th order (see [32]), N j is the cardinality
of coefficients corresponding to frequency j (where we take
{
ξ jk
}
to form a B− j -mesh—see
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[4]—so that N j ≈ B2 j ), and
{
wuq
}
is a set of deterministic weights that must ensure that these
statistics are asymptotically nondegenerate, i.e.
Condition 8. There exist j0 such that for all j > j0
rank(Ω j ) = U, Ω j := EhN j h′N j , hN j := (h1,N j , . . . , hU,N j )′.
Condition 8 is a standard invertibility assumption which will ensure that our statistics are
asymptotically nondegenerate (for instance, it rules out multicollinearity). Several examples of
relevant polynomials are given in [3]; for instance, given a theoretical model for the angular
power spectrum {Cl}, it is suggested in that reference that a goodness-of-fit statistic might be
based upon
1√
N j
N j∑
k=1
H2(β̂ jk;p) = 1√
N j
N j∑
k=1
(β̂2jk;p − 1)
= 1√
N j
N j∑
k=1
 β2jk;p
λ jk
∑
l≥1
b2
(
l
B j
)
2l+1
4pi Cl
− 1
 .
The statistic
Γ̂ j = 1N j
N j∑
k=1
β2jk;p
λ jk
can then be viewed as an unbiased estimator for
Γ j = EΓ̂ j =
∑
l≥1
b2
(
l
B j
)
2l + 1
4pi
Cl .
We refer to [11,12] for the analysis of this estimator in the presence of missing observations
and noise, and for its application to CMB data in the standard needlet case. Our results below
can be viewed as providing consistency and asymptotic Gaussianity (for fully observed maps
and without noise) in the Mexican needlet approach. As always in this framework, consistency
has a non-standard meaning, as we do not have convergence to a fixed parameter, but rather
convergence to unity of the ratio Γ̂ j/Γ j .
Likewise, tests of Gaussianity could be implemented by focusing on the skewness and kurtosis
of the wavelet coefficients (see for instance [24]), i.e. by focusing on
1√
N j
N j∑
k=1
{
H3(β̂ jk;p)+ H1(β̂ jk;p)
} = 1√
N j
N j∑
k=1
β̂3jk;p and
1√
N j
N j∑
k=1
{
H4(β̂ jk;p)+ 6H2(β̂ jk;p)
} = 1√
N j
N j∑
k=1
{
β̂4jk;p − 3
}
.
The joint distribution for these statistics is provided by the following results:
Theorem 9. Assume T is a Gaussian mean square continuous and isotropic random field;
assume also that Conditions 1 and 8 are satisfied and choose p > (α + δ)/4, for some δ > 0.
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Then as N j →∞,
Ω−1/2j hN j →d N (0, IU ).
Proof. The asymptotic behaviour of our polynomial statistics can be established by means of the
method of moments. In particular, it is possible to exploit the diagram formula for higher order
moments of the Hermite polynomial, as explained for instance in [27,32]. The details are the
same as in [3], and thus they are omitted for the sake of brevity. We only note that, in order to be
able to use Lemma 6 in that reference, we need to ensure that∣∣Corr (β jk;p, β jk′;p)∣∣ ≤ C(
1+ B j d (ξ jk, ξ jk′))2+δ , some C > 0.
In view of (9), this motivates the tighter limit that we need to impose on the value of p. 
It may be noted that the covariance matrix Ω j can itself be consistently estimated from
the data at any level j , for instance by means of the bootstrap/subsampling techniques that
are detailed in [4]. Again, the arguments of that paper lend themselves to straightforward
extensions to the present circumstances, as they rely uniquely upon the covariance inequalities
for the random wavelet coefficients. Likewise, the previous results may be extended to cover
statistical functionals over different frequencies, for instance the bispectrum [20,21]. A much
more challenging issue relates to the relaxation of the Gaussianity assumptions, which is still
under investigation.
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